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ABSTRACT

If T, is a theory of one function symbol and T has a minimal model which
is not prime, then T; has 2% non-isomorphic minimal models.

Introduction

A model is minimal if it has no proper elementary submodels. An open question
is: What can be the number of non-isomorphic minimal models of a first order
countable theory? Let L, be the language containing just a one-place function
symbol f and equality. The purpose of this paper is to prove the following theorem,
answering a question of Shelah.

MAIN THEOREM.  If T, is a theory in L,, and T, has a minimal model which
is not prime, then T, has 2%° non-isomorphic minimal models.

Actually we prove the same conclusion for theories T in a language containing
a binary predicate R(x, y) where T F V x3%'y R(x, y). The crux of the proof lies
in showing that minimal models of T, are simple enough so that the theorem is
implied by the following general principle.

If T (in any first-order language) has a non-prime minimal model, and the class
of minimal models of T includes all models omitting some type, then T has
2%° non-isomorphic minimal models. See Theorem 1.4 and Example 1.5.

TThis paper is part of the author’s doctoral dissertation prepared at the Hebrew University
under the supervision of Professor Haim Gaifman.
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Notation and Definitions

Models are denoted by M, N, etc;. we denote the model and its universe set by
the same letter. Thus we write both de M (meaning that d = {a,,--,a,> is a
sequence whose members are elements of M) and also M k ¢(4) (meaning that the
sequence 4 satisfies the formula ¢(X) in the model M). If 4 = {a,,---,a,
b = (b, b, then a* b = {ay,,a, by, b;>. We assume the reader to be
familiar with Vaught [4] where some of the following definitions are to be found.
M is a prime model of T if M is elementarily embeddable in every model of T.
A type p = p(v) = {¢:(v): i < w} is atomic (in T) if there is some formula ¢(v)
such that T F3v ¢(v) and T F Yo (P(v) = ¢d(v)) for alli < w; ¢(v) is called an atom.
p is a complete type if for all y(v), p implies Yy(v) or p implies 1 Y¥(v). Y(v) is
atomless if there is no atom ¢(v) such that T+ Yo (¢(v) - y(v)). 35" ¢(x) means
that there are <n x such that ¢(x); M FI=® x ¢(x) means that there is n < @
such that M £ 35" x¢(x). The element a is algebraic over the set B in M if there
is a formula ¢(x,7) and beB such that ME3I“® x ¢(x,b) A ¢(a, b). All
k,1,m,n, q,r designate natural numbers (except in Lemma 1.3 where g designates

a type).

1.

In this section we shall be dealing with general model theory, not necessarily
models of L,. We use the following theorem of Engeler and Ryll-Nardzewski (see
Chang [2]).

THEOREM - 1.1. Let T be a complete and countable theory, and let p be a type.
Then the following two conditions are equivalent.

(i) T has a model omitting p.

(ii) For every formula ¢(x) in the language of T there is a formula n(x)ep
such that TF 3x ¢(x) - Ix(P(x) A —1 7(x)).

The following theorem is from Vaught [4].

THEOREM 1.2. (i) All of the prime models of a countable theory T are
isomorphic.

(ii) If T has no prime model, then there is an atomless formula.

From this it is clear that if T has a prime minimal model M, then every minimal
model of T is isomorphic to M, and if T has a prime model which is not minimal,
then T has no minimal models.
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Lemma 1.3, Ifthereisan atomless formulain T and there is a model omitting
the type p, then there are 2™° non-isomorphic countable models omitting p.

Proor. The proof is actually well known, but for the sake of completeness we
include a sketch. Assume that M is a model of T which omits p. Let y(x) be an
atomless formula. It is sufficient to show that there are 2¥° types which can be
realized in models of T omitting p. It is clear that if g is a complete type then
T, = T U {x(c): x(v) € q} is a complete theory, where c is a new constant. Thus by
Theorem 1.1 it is sufficient to show that there are 2¥° complete types q such that
for all ¢(x,v) in the language of T there is m(x)ep such that T, F3x ¢(x,c)
= Ix(P(x,c) A 1 w(x)), that is, if 3Ix ¢(x,v) follows from g then so does
Ix(d(x,v) A 1 7(x)) for some w e p. Now we construct by induction on n formulas
Yieommen. y(0), Where g e{0,1}, such that Yy =¥, Veooeno > = Yeeorn,ery fOT
i <n, and the following holds:

@H TH (300)‘//<a0,---,a._1,o>(Uo) A (31’1)W<eo,--- e.._l,x)(lh) A (13v) (‘/’<eo,---,en-1,0>(v)
AN 78N () §

i) If TF Yiep,men- 5(®) = 3x @(x, v) then thereis w e psuch that T+, ..., (v)
— Ax(P(x,v) A 1 7(x)) for some m = n.

(iii) For all ¢(v) there is some n such that T+ ¥,,,... ., 5(v) = $(v) or

Tk l//(zo,"- en-x)(v) d ¢(D)

We can guarantee that (i) will hold since y(v) is atomless. (ii) is realized by using
the fact that there are at most N, ¢’s such that THyr,. ... _s(v) = Ix ¢(x,v); for
each of them, since M F T and M omits p, there is x € M satisfying ¢(x, v) which
does not realize p. So we can find me p such that Mk 1 n(x). (iii) is easily ac-
complished. Now, given n = {&;: i < 0}, put g, = {Y(s),.....,_,5(®): n < ©}. Then
q, satisfies our requirements and there are 2% such g’s.

THEOREM 1.4. If the class of minimal models of T contains all models of T

omitting some type, and T has a non-prime minimal model, then T has
2% non-isomorphic minimal models.

Proor. Since T has a non-prime minimal model, T does not have a prime
model. Thus T has an atomless formula. By the lemma, T has = 2%° non-
isomorphic minimal models, so clearly the number is 2%°.

ReMARK. What we have done so far for types of one variable immediately
generalizes to types of finite sequences p(v;, -+, 0,) = {¢(v1, ", 1)} 4ep-
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ExaMpLE 1.5. A special case of the above theorem is when T has a non-prime
minimal model M in which every element is algebraic over every other. Then M
omits the type p(vy,v;) = {35"x 0(v,,x) > 1 0(vy,v,): 0 L, n <w}. It is not
difficult to verify that every model omitting p is minimal. Thus by Theorem 1.4, T
has 2™ non-isomorphic minimal models.

2.

From now on we shall be dealing with models and theories of L,. Actually,
the language has one binary predicate R(x,y) and we add the axiom
¥x 3%y R(x, ). It is convenient in many cases to write R(x,y) as f(x) = y. We
include the possibility that fis not always defined, thatis, Mk —1 3y R(x, y) for
some xe M.

An expression like f™(xo) = f"(yo) will be an abbreviation for

Xy, 0y Xy Vs ""yn(iﬁ\mR(xiaxi+1) A j/(\" R(yjsyj+1) AXp = Y,).

DerFINITION 2.1. The distance between a and b relative to a set A4 is d(a, b)
= min {r: there are k, [ such that k + | = r and there are xo, =+, X;, Yo, >, V1€ 4
such that a = xo, b = yo, f(x;) = x;41 for i <k, f(y;) = yj4, for j <, and
X = Yi}-

If no such r exists write d,(a,b) = co. A path from a to b is a sequence
{Xq,**, ¥, as above.

Note that if A contains no loops (that is, n = 1 = AEf"(x) # x) then there is
at most one path from a to b; in any case d (a, b) defines a metric. If 4 € B then
dx(a, b) < d (a, b).

Any model breaks up into a disjoint union of components, a component being
the set of points of finite distance from a given point. If a € B let Nbdza be the
set of points in B of distance < r from a. If A is a set let Nbdgd = |J,, ,Nbdga.
NbdA is called the r-neighborhood of 4 in B.

DerINITION 2.2, Let A be a set, a,e A, for i = 1,.«-,n. The g-type of
{ay, - a,y over A is {P(xyg,+,%,): Y(xy, -, %,) has =g quantifiers and
Ak y(ay, -, a)}.

Clearly every g-type is equivalent to a single formula, and there are only a
finite number of non-equivalent g-types (for fixed g).

Write Nbdjd =, Nbdgb if the g-type of 4 over Nbd/d is the same as the
g-type of b over Nbdyh.
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LemmA 2.0. (i) For any n,q,r there is a number q* = q*(n,q,r) such that
if W(X) = Y(xy, -, x,) is a formula with n free variables and q quantifiers, then
there is a formula y*(%) with the same free variables and q* quantifiers such that
for all sets A and de A, Nbd ak y(d)<> AEy*(a).

(ii) If Nbdja=, Nbdyb, Nbd ¢ =, Nbdid, and Nbdjd N Nbdjé = Nbdb
NNbdd = &, then Nbdja"¢=, Nbd /b d.

(iii) If Nbdjay =, Nbd ag, f(ae) = f"(al) = b for some n, neither a, nor
ag are in loops, and ¢ = {cy, -+, ¢,y is such that the only paths leading from a, or
do to any c; go through b, then Nbd,ao>"¢=, Nbd{at>"c.

Proor. (i) is clear from the definition of Nbd}d. (ii) and (iii) follow by using
Ehrenfeucht’s game criterion, for example. See [3].

I am indebted to M. Rubin for a discussion which led to the statement of the
following lemma.

LemMa 2.1. For any m and n there are numbers r(m,n) and g(m,n) such
that for any Y(X) with n free variables and m quantifiers, and for any model M
and every d,b from M of length n, if

Nbdy™™d = ;) Nbd3™"b
then M E (@)« y(b).

ReMARK. Roughly speaking, the lemma says that the satisfaction of (%) in M
is determined by the g-type of X over its r-neighborhood in M where g and r
depend only on the length of X and the number of quantifiers in . The proof we
give is combinatorial (in that it does not use the compactness theorem, for example)

and gives estimates for g and r. Gaifman has given an alternative model-theoretic
proof of the lemma. Our main task is to show that if

Nbd™™* '™ g = 0y  Nbd ™ mp

then for all ¢ there is d such that Nbd "™ * Vg ~ (¢ =, n+ ,Nbd" ™" b~ (d)
(throughout the proof we write Nbd in place of Nbd,). This is done by cases
according to the location of ¢ relative to @ and b.

Proor. We define r(m, n) by induction as follows: r(0,n) = 1 and #(m + 1,n)
= 8n r(m,n + 1). As for g(m, n), in the course of the proof we shall just show that
we can choose it large enough, and then at the end of the proof state a numerical
value which allows all the stages of the proof to work.

The proof is by induction on m for all n. If m = 0 the claim is true since a
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formula with no quantifiers just says which of its free variables are equal to, or
images of, the others. Also if the claim is true for (%) then it is true for —1y(%).
So we must show that if the claim is true for m and n,and if v Y (v, x,, -+, x,) isa
formula with m 4 1 quantifiers and n free variables and

Nbdr(m+ l'")d Eq(m+1,n) Nbdr(m+l,n)l')

then M E Jvy(v, @)« o Y(v, b). Assume M k 3o (v, §). Then there is ¢ such that
M Eyi(c, ). Now Yi(v, %) is a formula with m quantifiers and n + 1 free variables
so by the induction hypothesis it is sufficient to find d such that

Nbdr(m,n+ l)d A <C> Eq(m,"+ 1) Nbdr(m,n+ 1)1') A <d>
There are three cases.

Case 1. There is i (1 £i<n) such that Nbd"™"* D¢ = Nbd" ™+ Mg, Yet
o(x,7) be a formula equivalent to the g(m,n+ 1)-type of a~ {c) over
Nbd™™*1™g, Thus Nbd™™* ™k Ix ¢(x, 8) (c is such an x). If g(m + 1,n) is
chosen large enough so that g(m + 1,n) = the number of quantifiers in Ix @(x, )
then by the g(m + 1,n)-equivalence of Nbd"™* ™3 and Nbd"™* 1"} we obtain
Nbd"™*1®pk Ix ¢(x, b). Now take d satisfying Nbd™**"pk ¢(d, b); clearly
Nbad ™" Vg ey =, ne1y NbA™™" D b~ (dY as was to be proved.

Case 2. Nbd"™"*Vc N\ Nbd"™"* V5~ b = f. Here we may take d = ¢ by
Lemma 2.0 (ii).

Case 3. Cases 1 and 2 do not happen. Thus for all i

(0) Nbd"™"*Vek Npd™™* 1"y, but Nbd"™"* Ve N Nbd" ™"+ Vg~ b= of. If
for some i Nbd"™"* Ve N Nbd"™"* Vg, # F, then Nbd"™"* Ve < Nbd"™*1"g,
contradiction. (Actually, here, we only need the fact that r(m + 1, n) =23 r(m, n+1)).

Thus we may assume that Nbd™™"* V¢ intersects an r(m, n + 1)-neighborhood
of some element of b, and without loss of generality,

(1) Nbd'™n*De  Npdrmn+Up 2 o,

Put r(m,n + 1) = t, r(m + 1,n) = r then r = 8nt. Since Nbd'c N Nbd'a, =
for all i, it is sufficient to find d with Nbd'c =, ,+1)Nbd'd and

(2) Nbd'd "NNbd'b, = & for all i (this by Lemma 2.0(ii)).

From (1) follows, as above in Case 1,

(3) Nbd'c = Nbd®'b, and so we can find d, such that

(4) Nbd{ay,d(> =ymn+1y) Nbd'(by,c). If (2) holds for d = d, we are through;
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if not, Nbd*d, N Nbd'b; # & for some i. We shall now show that b; # b,. For
assume that Nbd,, d; " Nbd'b; # . Then d(by,d;) < 2t. By (1), d(by,c) < 2t so
by taking g large enough so that each of the formulas which assert that the
distance between r points is k, k < r, has less than g quantifiers, we obtain from
(4) that also d(a,,d;) £ 2t. Thus d(a,, b,) < 4t. On the other hand d(b,,c) < 2¢
and d(ay,c) > 8nt — t by (0). So d(a,, b;) > 8nt — 3t = 5t, contradiction. Thus
b; # b,. So assume

(5) Nbd'd; N"Nbd'b, # . As above we can find d, such that

(6) Nbd{a,,d2) =, (mn+1) Nbd'(b,,d,>.1f (2) holds for d = d, we are through;
if not, Nbd'd, N Nbd'b, # & for some i. We shall show that b; # b,, b,. First,
Nbd'd, " Nbd'b, = F:Ifnot, then d(b,, d,) £2t, d(a,,d,) < 2t(by (5)and (6)) and
so d(by,a,) < 4t. But d(a,,¢)=8nt—t by (0) and d(by,c) <2¢t, so d(by,a,)
= 8nt — 3t = 5t, contradiction.

Now Nbd'd, " Nbd'b, = &. If not, d(d,, b;) £ 2¢, d(a,,d,) =2t and so
d(a,, by) £ 4t. Similarly, by (4), (5), d(a,,b;) <4t and so d(a,,a,) < 8t. Thus
d(by, b,) < 8t. But then d(b,,d,) < 10t, d(a,, by) £ 12t, and d(a,,c) < 14t. But
d(a,,c) = 8nt — t = 15t (since n =2). So Nbd'd, " Nbd'b, = Nbd'd, " Nbd'b,
= .

Continuing this way, after at most n steps we get d satisfying Nbd'c
=,mn+1) Nbd'd and (2). This completes the proof.

It can be seen that

gm+ 1,n) = g*(r(m,n + 1),n + 1,9(m,n + 1)) - NE(g*(r(m,n + 1),n + 1,
gm,n + 1)), n+ 1)+ r(m + 1,n)+1

suffices, where g* is from Lemma 2.0(i) and NE(gq,n) is the number of non-
equivalent formulas having n free variables and g quantifiers.

COROLLARY 2.2. Let M' be a component of M. For every formula y(X) there
is a formula '(%) such that for all ae M’,
M’ Ey(d)<= MEY'(a).

PROOF. Assume Y(X) has n free variables and m quantifiers. By the previous
lemma the satisfaction of (%) in M’ depends only on the g(m, n)-type of Nbd ™",
There are only a finite number of non-equivalent g(m,n)-types. Assume that
dy, -, dye M’ such that M'Ey(a) for 1 S i<k,

Nbdi§™™a; %, m NbdW$™ 4,
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for all 1 £i#j £k, and k is maximal. Let n,(¥) be a formula equivalent to the
q(m, n)-type of d; over Nbdyy™™, and consider (%) = \/;<;<m(%). Then for
all deM’, M’ Ey(a)<> Nbdj{™™ak J(@). Since M’ is a component of M,
Nbd™™G = Nbd[™™a for all e M. Thus M’Ey(d)« Nbdy™"ak{(a). By
Lemma 2.0(i) there is y*(d) such that Nbdy™"dky(d)< M Ey*(d). Thus
M’ Ey(@)<=> M Ey*(d), as was to be proved.

COROLLARY 2.3. If M’ is a component of M, N' <M’, then M—M')UN’
< M. That is to say, by replacing a component by an elementary submodel of it
one gets an elementary submodel of the whole model.

PrOOF. Let de(M — M’) UN’'. We must show that if MF3Ix Y(x,d) then
there is age(M — M’) U N’ such that M k\/(a,, 4). Let @ = b~ ¢ where be N,
éeM — M’, and assume that M Fy(ay, b,¢) where age M’. By Lemma 2.0(ii)
and Lemma 2.1 it suffices to find aoe N’ such that

NbBET™ag> ™ b = gy NbdWao) ™ b

(since the neighborhoods of aj and b are all disjoint from those of ¢). This we
may do since N' <M".

COROLLARY 2.4. If f(a) =b and a is not algebraic over b, then

M~-Uf"a<M

n<w

(where f ~%(a) = {a}).

PrOOF. Assume M F3Ix y(x,¢), e M — Up<of ~"(a). We must find such an x
in M — U,<,f "™a). Notice that from the hypothesis of the corollary it follows
that a cannot be in a loop (for then a = f*(b) where k = 0 and a is definable
from b). Let M F(a,, &) where ag€ Un<of ~™(a), say f™(ao) = a. Take g(m,n)
and r(m, n) corresponding to Y(x, ) from Lemma 2.1 and let ¢(x,) be a formula
equivalent to the g(m, n)-type of ao over Nbdj™"a,. Set ¢o(xo,x1) = ($*(xo)
AS™(x0) = %) and  @y(xy,%2) = (FxoPo(X0s X1) Af(%y) = X,), where ¢* is
taken from Lemma 2.0(3). Thus M k ¢,(a, b). Since a is not algebraic over b, there
are infinitely many a, € M satisfying M F ¢,(a,, b) and we can choose a* such that
a* # a, Mk ¢,(a*,b), a* is not in a loop, and (U,<.f "(@*)) N ¢ = . This is
accomplished by first considering infinitely many a* satisfying Mk ¢(a*, b)
which are not in loops and then choosing one such that (,<,f "(@¥)) N¢ = &,
using the fact that if a% a* are not in loops and Mk ¢,(ajtb) A ¢(d5, b) then
U, cof “MaF) N Up<of ~(a3) = & (since if f™(x) = af, f™(x) = a5 then there
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would be a loop containing b and af or a3). Thus M k Ixde(xo, a*) A f(a*) = b.
Let af be such that M F ¢o(as, a*).

We claim that a} is the required x: First of all age M — Un<of “"(a) since
fe(ag)= a* and U,<of 7(@) N Un<of “"(a*) = . Secondly we must show
MEy(ag,¢). For this it suffices that Nbdi{™™<ao) " 6=y .y NDdY""(aky ~ ¢.
See Figure 1. What we do know is that Nbdj{™" ao =, »y Nbdiy™"a}, this by the

choice of ¢. But ay, ag; b, ¢ satisfy the hypothesis of Lemma 2.0(iii) so actually
Nbd;™Xao» * ¢ = Nbdjf™"™(ag)" ¢ as desired

3.
Now we shall deal with minimal models of L,.

LemMa 3.1. If M consists of a single component and is a minimal model
then for all a, be M, a is algebraic over b.

Proor. Since algebraicity is transitive (see, for example, Baldwin and Lachlan
[1]) if a is not algebraic over b we may assume without loss of generality that
f(a) = b. But then by Corollary 2.4, M has an elementary submodel not con-
taining a, in contradiction to M’s minimality.

THEOREM 3.2. (i) If M consists of a single component and is a non-prime
minimal model then there are 2™° non-isomorphic minimal models elementarily
equivalent to M.

(i1} If M is minimal and contains a component which is not a prime model in
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itself (that is, of its own theory) then there are 2%° non-isomorphic minimal
models elementarily equivalent to M.

Proor. (i) follows directly from Lemma 3.1 and Example 1.5.

(ii) If M’ is the said component, then as in (i) we obtain 2¥° minimal models
N’ elementarily equivalent to M’. It is easy to see that (M—M')UN’' =M,
(M — M') U N’ is minimal, and that there are 2"° models of this form which are
non-isomorphic.

We see from Theorem 3.2(ii) that in order to complete the proof of the Main
Theorem we must show the following theorem.

THEOREM 3.3. If M is minimal and not prime then M contains a component
which is not prime.

First we need a lemma.

LemMA 3.4. If M is minimal and M’ is a component of M, then there is a
formula ¢*(x), a possibly empty sequence b = {by,---,b,ye M — M', and a
number r* such that b, and b; are in different components of M for all i # j, and

O # {x: MEP*(x) A Z\l d(x,b)>r*} s M’

PrROOF. Since M is minimal, we cannot obtain an elementary submodel by
throwing out an entire component. So there is a formula ¥(x, ) and a sequence
¢eM — M’ such that M E3x y(x,¢) and the only such x is in M’. Also each
component is a minimal model, so by Lemma 3.1 if ¢;, c; are in the same component
then each is algebraic over the other. Thus we can find b= (by, -, b,> = ¢such
that b; and b; are in different components and such that there is a formula ¥(x,z)
for which M FVx(Y(x, ¢) = Ji(x, B)). Now let ME(a,b); of course ae M'. By
Lemma 2.1 and Lemma 2.0(ii) if Nbdya' =, Nbdja and Nbdya' N Nbdyb
= Nbdiyya " Nbdiyb = J then M Ei(a, b) = {i(a’, b). Take ¢(x) to be a formula
equivalent to the g-type of a over Nbdja, let $*(x) be the related formula from
Lemma 2.0(i), and let r* = 2r. Then Mk ¢*(a) A A\}-1d(a,b) > r*. On the
other hand if ME¢*(a’) A Ni=,d(a’,b) > r* then Nbdya' =, Nbdja and
NbdLa' "Nbdb = & so MEJ(a’, b). Thus a’e M,

Q.E.D.

Now we shall prove Theorem 3.3 in the following form.

THEOREM 3.5. If M is minimal and each component is prime, then M is prime.
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ProOF. We must show that every sequence in M realizes an atomic type.

CLamM. Itis sufficient to show this for every sequence contained in a component
of M.

Proor OF THE CLAIM. Consider the special case where aq, a, are in different
components M, and M,, and we know that y,,(x), ,,(x) isolate their types (in
M). We must find ¥, 4,5(x,y) which isolates the type of {ay,a,) in M. It is
sufficient to find a formula ¥,, ,,5(x, y) which implies that x and a, have the same
type, y and a, have the same type, and x, y are in different components.

Let b = (b}, -, b, b* = (b3, -+, b2 be the sequences associated with M,
M, respectively, from Lemma 3.4. Notice that without damaging the validity of
Lemma 3.4 we may assume that the sequences are of the same length, bl e M,,
b?eM,, and b}, b? are in the same component for i = 2, ---,n. Let $¥(x), ¢3(x)
be the formulas associated with M;, M,, respectively, from Lemma 3.4, r} and
r’ are the respective distances, and choose a¥ € M; satisfying M k ¢F(a), i = 1,2.
Let

r > 8-max [{TT, T;, d(at’ bi): d(a;’ bi)» d(aly at): d(a.z, a;), d(bzls b%), ) d(b:9 b:zr)}]'

Notice that all of the above distances are finite. Define
2(x,y) = Quv) [¢1(w) A d(x,u) = d(ay,a}) A $3() A d(y,v)
= d(az, a;) /\ d(x; y) > r]'

We claim that if M E x(x, y), then x and y must be in different components; the
proof is similar to Lemma 2.1, Case 3. Assume by way of contradiction that
ME y(x,y) but x and y are in the same component M’.

Let u, v be as in y(x, y).

(1) If M’ does not contain any b} or b? then clearly d(u, b}) > r, d(v,b?) > r}
for alli. But since ¢’i(u) and ¢3(v), u must be in M, and v must be in M, by Lemma
3.4, so x must be in M, and y must be in M,, contradiction.

(2) If bj,,b2eM’ for some io22 and d(u,b.)>rf or d(v,b2) > r% then
either ue M, or veM,; so M’ is M, or M,, contradiction since b}o,bfoeM’.
So we may assume d(u, b}) < rf and d(v,b) < r3. But x is “close’ to u (relative
to r), u is close to b},, b, is close to b2, b? is close to v, and v is close to y. So x is
close to y, in contradiction to d(x,y) > r.

(3) The last possibility is where M’ is M, or M,. The proof is similar.

Thus M E x(x, y) implies that x and y are in different components. All we have
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to do now is to take Y, 45(x, ¥) = ¥, (x) A, () A x(x,y), and the claim is
proved in the given special case. The proof of the general case is clear from here.

Now we continue with the proof of Theorem 3.5. Since M is minimal, each
component is minimal and so in each component every element is algebraic over
every other (Lemma 3.1). Thus by the claim it is sufficient to prove that each
component contains some single element realizing an atomic type in M, for a
sequence realizes an atomic type if each of its members is algebraic over an
element realizing an atomic type.

Let M’ be a component and let ¢*, 7* and b = (by, -+, b,> be as in Lemma 3.4.
Choose a € M’ such that M F ¢*(a). There are two cases.

Case 1. There is no x e M’ such that M F ¢*(x) and d(x, a) > r*. In this case
we shall find an element ce M’ which is algebraic (over J) in M, and hence
realizes an atomic type.

a) There is r < o such that d(a,f"(a)) < r for all n = 0; that is, either f"(a) is
not defined for some n or M’ contains a loop (note that a component can contain
at most one loop). We shall deal with the case where M’ contains a loop; the other
case is treated similarly. Let n = 0 be minimal such that f"(a) is in the loop, and
let ¢ = f*(a). Let m >0 be minimal such that f™(c) = c¢. Then M F 7(c) where
7(x) is f™(x) = x A Ww(f"(v) = x A $*(v)). Also for any x e M’, M E 1(x) implies
that x is in the loop in M’; so there are at most m elements in M’ satisfy.ng
M k 7(x). Now any other elements x of M satisfying 7(x) must be in the components
of the b; (i = 1,---,n), and clearly each such comp;onent can contain at most
finitely such x. Thus M k 3%“x 7(x), and c is algebraic in M.

b) d(a,f"(a)) = n for all n = 0. Then clearly M’ does not contain a loop and
thus there is a unique path between every two elements of M'. Let n(u,v) be the
disjunction of all formulas of the form

Grams) (45 MO =510 Arm)
1Si#jsSm

where m < r* and for 1 <i<m, p; is f(z)) = z;.1 Of f(Z;4¢) = z;, and p,, is

f(z,) = v or f(v) = z,,.

Define ““v is above u’> to mean that the (only) path from u to v contains f(u).
Note that aboveness is transitive, but there may be two different elements, each
of which is above the other. Thus n(u, v) says that there is a path (without repe-
titions) of length < r* from u to v, and v is above u.
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Let ny = 0 be minimal such that M E (1 3v) (¢*(v) A =(f™(a),v)). The existence
of n, is guaranteed by the hypothesis of Case 1. Let ¢ = f™ (a).

Assume ngy > 0. Then by the minimality of ng, no — 1 will not work; that is,
there exists ¢, € M’ such that ME¢*(c;) A n(f™ '(a),c,). This path from
f™~Ya) to ¢, contains f(f™ !(a)) = c; by the conditions on ¢, ¢, is not above
c. Thus there is n; = 0 such that f"'(c,) = ¢ and f™(a) # f™ (c,) for all m < n,,
m, <ny. (If n, = 0 then ¢ = ¢, and the condition f™(a) # f™ (c,) is vacuous.)
See Figure 2.

O

Fig. 2

Let 7(x) = Judu,(¢*(u) A ¢*(uy) AS™W) = x Af"(u1) =X A Am<no.mi<n
fr(w) # f™ (ug) A (7130) (9*(0) A n(x, ).

We shall show that c is the only x e M’ satisfying M k 7(x). Clearly M E 1(c).
Now consider any x # ¢ in M'. By way of contradiction assume M F t(x), and let
u,u, be as in 7. Either x is above c or cis above x; we get a contradiction in both
cases.

Assume x is above c. Then either u or u; is above ¢, otherwise

AN ALORF A Y

m<ng,m;<ny
would not hold. Assume without loss of generality that u is above c. Now
d(u,¢) < d(u,a) < r*, so that M F rn(c, u), contradiction.
Now assume c is above x.
If also a is above x then d(x,a) < d(a,u) < r* and hence M Fn(x,a), con-
tradiction.
If x is above a but a is not above x, that is, f'(a) = x for some ¢ > 0, then

d(x,cy) < d(a,c;) <r* and hence MEn(x,c,)

(since ¢, is also above x), contradiction. If x = a the same holds.
Thus the only x e M’ satisfying M E 1(x) is c.
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The only other elements of M which can satisfy 7 are in the components of the
b, i = 1,-.,n) and the same argument shows that they are at most one to a
component. Thus there are finitely many in all of M and c¢ is algebraic in M.

The case where ny = 0 is left to the reader.

Case 2. There is x e M’ such that M F ¢*(x) and d(x, a) > r*. Say d(x,a) = r.
Then M E3Ix(d(x,v) = r A ¢*(x)) holds for v = a and does not hold for v = b,,

=1,---,n. Put ¢**@) = ¢*@) A Ix(d(x,v) = r A ¢*(x)). Then ME ¢**(v)
holds for v = a and the only such vin M isin M’,

M’ is prime (by hypothesis of Theorem 3.5) so a realizes an atomic type in M’
Let y(x) be a formula isolating the type of a in M’. Let y/’(x) be the corresponding
formula from Corollary 2.2. We claim that ¢**(x) A y'(x) isolates the type of
a in M. Assume M E ¢**(c) A Y'(c). Since M E ¢**(c), ce M'. Since M Ey'(c),
M’ Ey(c). Thus ¢ and a realize the same type in M’, and clearly ¢ and a realize
the same type in M. Thus a realizes an atomic type in M.

This completes the proof of Theorem 3.5 and hence of the Main Theorem.

4.,
M. Rubin suggested the statement of the following theorem, which follows

from Lemma 3.4, and was essentially proved above.

THEOREM 4.1. M is minimal if and only if

(i) every component is minimal, and

(ii) for every component M', either M’ contains an element algebraic in M,
or there is a formula ¢(x) such that & # {x : MF@(x)} = M'.

It is thus easy to see that if M is a minimal model of one function symbol, then
there is no N such that M ;f N and M and N realize the same types. See [5].

s.

The following example suggested by Gaifman illustrates some of the ideas used
in the paper. Let M be a model of the form shown in Figure 3.

The conditions are:
(1) From cup, fis 1—1.
(2) Each node branches at most into two.

(3) If a node branches into two then the two descending chains to the next
branching point are finite and of unequal length.
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Fig. 3

(4) For every r < o there is a node a, a # c, for which Nbd"a is isomorphic to
Nbd'e.

We leave it to the reader to show that M is minimal and not prime, and to find
2% non-isomorphic minimal models elementarily equivalent to M.
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